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We investigate the role of symmetric quantum cloning machines (QCMs) in quantifying the mutual
incompatibility of quantum observables. Specifically, we identify a cloning-based incompatibility
measure whereby the incompatibility of a set of observables maybe quantified in terms of how well a
uniform ensemble of their eigenstates can be cloned via a symmetric QCM. We show that this new
incompatibility measure Qc is faithful since it vanishes only for commuting observables. We prove
an upper bound for Qc for any set of observables in a finite-dimensional system and show that the
upper bound is attained if and only if the observables are mutually unbiased. Finally, we use our
formalism to obtain the optimal quantum cloner for a pair of qubit observables. Our work marks
an important step in formalising the connection between two fundamental concepts in quantum
information theory, namely, the no-cloning principle and the existence of incompatible observables
in quantum theory.
I. INTRODUCTION
Perfect cloning of an arbitrary state is impossible in
quantum mechanics [1]. This is the essence of the cele-
brated no-cloning theorem in quantum information the-
ory, which marks a fundamental departure from the na-
ture of information in the classical world. More precisely,
the theorem states that it is impossible to copy a pair
of non-orthogonal pure states via any quantum opera-
tion. Cloning is in fact a special case of a more gen-
eral information processing task, namely, that of broad-
casting. Broadcasting extends the idea of cloning to
mixed states by removing the restriction that the dif-
ferent clones need to be independent; it only requires
that the marginals of the separate systems be the same
as the original state. The quantum no-broadcasting theo-
rem thus extends the pure-state no-cloning result to state
that non-commuting quantum density operators cannot
be broadcast perfectly [2].
The no-cloning and no-broadcasting theorems are in-
deed related to other fundational physical principles in-
cluding the no-singaling principle [3] and the uncertainty
principle [4]. They also have other important operational
consequences. For example, perfect cloning would allow
for perform quantum state tomography using a single
copy of an unknown state.
Although perfect cloning or broadcasting is impossible,
approximate or imperfect cloning of arbitrary quantum
states is still possible, as first demonstrated in [6]. Sev-
eral approaches towards designing cloning devices have
been since studied in the literature, the most well-known
of which is perhaps the symmetric universal cloner [7],
which produces two identical copies of an arbitrary quan-
tum state in any dimension, with optimal fidelity. This
construction of a 1 → 2 universal, symmetric quantum
cloning machine (QCM) has further been extended to ob-
tain optimal, universal, symmetric QCMs which trans-
form n copies of a given quantum state into m > n
copies [8, 9]. Asymmetric cloning, in which the clones
do not all have the same fidelity, has also been stud-
ied and trade-offs between the fidelities of the different
clones have been discussed in [10, 11]. We refer to [12]
for a recent review on QCMs and their applications.
The fact that only ensembles of commuting states can
be cloned (or broadcast) perfectly, suggests a natural
connection between the no-cloning/no-broadcasting the-
orems and incompatibility in quantum theory. For ex-
ample, the universal QCM has been used to show that
only infinite dimensional spaces admit maximal incom-
patibility, where incompatibility is quantified via joint
measurability [13]. Furthermore, it has been argued that
the optimal cloning fidelity for a set of non-commuting
density operators on a d-dimensional space gives a lower
bound on the degree of incompatibility possible for a d-
dimensional quantum state [14]. In this work, we aim to
make this connection between imperfect cloning and in-
compatibility more quantitative, by proposing a cloning-
based incompatibility measure.
Starting with the uncertainty principle [15], several
measures have been proposed to quantify the extent of
incompatibility of a set of quantum observables. For
example, entropic uncertainty bounds are often used as
measures of incompatibility [16]. Other measures based
on operational constraints have also been proposed for
arbitrary sets of quantum observables [17, 18].
In our work, we examine the role of a symmetric 1→ 2
QCM in quantifying the mutual incompatibility of quan-
tum observables. Corresponding to a given set of observ-
ables, we consider the ensemble associated with a uni-
form mixture of their eigenstates. We propose that the
incompatibility of a set of observables maybe quantified
in terms of the optimal cloning fidelity of the associated
ensemble of eigenstates. The more incompatible the set
is, the smaller is the cloning fidelity.
We show that the proposed cloning-based measure is
a faithful measure of incompatibility, in the sense that it
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2vanishes iff the observables commute. We also obtain a
tight upper bound on this new measure and show that
the maximum value is attained only for a set of mutually
unbiased bases. Our work provides the first quantita-
tive statement relating the operational task of quantum
cloning and the mutual incompatibility of density opera-
tors being cloned. The bounds proved here might there-
fore prove useful in the context of cryptographic tasks
such as quantum key distribution, where the eavesdrop-
per could carry out a quantum cloning attack on the
signal states.
The rest of this paper is organized as follows. In II
we briefly review the 1 → 2 symmetric QCM, as also
an operational measure of incompatibility based on a
measurement-and-reconstruction strategy. In Sec. III, we
define the cloning-based incompatibility measure Qc and
prove tight upper and lower bounds. Specifically, we cal-
culate the measure for a set of mutually unbiased bases
(MUBs) in Sec. B 1 and use this to obtain an upper bound
on Qc in Sec. III B. We use our formalism to character-
ize the optimal QCM for a pair of qubit observables in
Sec. III C. Finally, we summarize our contributions and
discuss the future outlook in Sec. IV.
II. PRELIMINARIES
In this section we briefly discuss the operational mea-
sure of incompatibility used in this work, as also the sym-
metric, universal quantum cloner.
A. Quantifying incomptibility via a
measurement-and-reconstruction protocol
As a precursor to exploring the connection between
cloning and incompatibility, we briefly discuss a recently
proposed operational measure of incompatibility [17].
The measure Q defined in [17] is based on a measure-
ment and reconstruction protocol, somewhat reminiscent
of a na¨ıve cloning protocol, naturally leading to the ques-
tion of how it would compare to a more general cloning
strategy using, for example, a symmetric quantum cloner.
Furthermore, in a departure from the more widely stud-
ied measures of incompatibility based on uncertainty re-
lations, the Q measure does not vanish for observables
that commute over a subspace; it is zero only for observ-
ables that commute over the entire space.
Consider a set Π = {Π1,Π2, ......ΠN} of N observ-
ables on a d-dimensional Hilbert space H, and let Πji =
|ψji 〉 〈ψji | denote the jth eigenstate of the ith observable
Πi. The measure Q(Π) aims to quantify the incompati-
bility of the set Π based on the non-orthogonality of the
corresponding ensemble of eigenstates, as follows.
Let S(Π) ≡ {Πji , 1 ≤ i ≤ N, 1 ≤ j ≤ d} denote the
ensemble of eigenstates of the observables in the set Π.
Consider a two-party protocol wherein the sender Alice
draws states uniformly at random from the set S(Π) so
that the probability of a given state is 1Nd , and trans-
mits them. The receiver Bob makes some generalised
measurement M = {Ma} and adopts a reconstruction
strategy A, whereby, he reconstructs the state σa when
he gets outcome a. Now the average fidelity between the
final states obtained by Bob via this measurement and
reconstruction strategy, and the initial set of states sent
by Alice is given by,
Favg(S,M,A) = 1
Nd
∑
ija
tr(ΠijMa)tr(Π
i
jσa). (1)
Maximizing over all measurements and state-
reconstructions, we get the optimal fidelity for the
ensemble S as,
Fopt(S) = sup
M
sup
A
Favg(S,M,A). (2)
We then define the measure Q for the set Π as,
Q(Π) = 1− Fopt(S). (3)
Clearly, for commuting observables, which share a
common set of eigenstates, Fopt = 1 (since Ma, σa =
|ψai 〉 〈ψai |), which implies Q = 0. For any other set of
observables Q > 0, as shown in [17], making this a true
measure of incompatibility of any set of observables Π.
It is further proved that for a set of N observables in a
d dimensional Hilbert space,
Fopt(S) ≥ N + d− 1
Nd
, (4)
so that,
0 ≤ Q(Π) ≤
(
1− 1
N
)(
1− 1
d
)
. (5)
The upper bound is shown to be achieved for a set of mu-
tually unbiased observables, namely, a set of observables
{Πi} with the property,
tr(ΠijΠ
k
j ) = δik, ∀j = 1, 2, . . . , N.
tr(ΠijΠ
k
l ) =
1
d
, ∀j 6= l, ∀ i, k = 1, 2, . . . , d. (6)
While the optimal measurement and reconstruction
strategy that attains Fopt is not known in general, for
such mutually unbiased bases (MUBs), we show that pro-
jective measurements are optimal in the sense that they
achieve the lower bound given in Eq. (4). The formal
statement and proof of this fact are given in Appendix A.
B. Symmetric Quantum Cloning Machine
We briefly review the well known symmetric quantum
cloning machine (QCM). A cloning operation is said to
be symmetric if the fidelity between input and output
3states are equal for all of the clones; in other words all
the copies have identical fidelity with the original state.
The cloner is further said to be universal if it achieves a
constant, state-independent fidelity between the original
(input) and the cloned (output) states. In what follows,
we will consider the symmetric cloner without loss of gen-
erality, because it is always possible to obtain an optimal
symmetric cloner by taking linear combinations of opti-
mal asymmetric cloners [19].
The symmetric QCM is a unitary transformation on
a tripartite system HA ⊗ HB ⊗ HC , where HA denotes
the ‘input’ system containing the state to be cloned, HB
corresponds to the ancilla system into which the original
state is cloned, and HC denotes the Hilbert space asso-
ciated with the cloner. Suppose HA and HB are Hilbert
spaces of dimension d. Let B ≡ {|i〉A , 1 ≤ i ≤ d} denote
a fixed orthonormal basis in HA. The symmetric QCM
is then defined via the linear transformation [7],
|i〉A |0〉B |X〉C −→ p |i〉A |i〉B |Xi〉C
+ q
∑
j 6=i
(|i〉A |j〉B + |j〉A |i〉B) |Xj〉C , (7)
where, |0〉B is a blank ancilla state which is transformed
to a clone of |i〉A, and {|Xi〉C} are the basis vectors of
cloning machine. Clearly, the joint tripartite state is sym-
metric in the first two systems. The real coefficients p
and q must satisfy the following relation in order to en-
sure unitarity of the QCM transformation:
p2 + 2(d− 1)q2 = 1. (8)
Suppose |φ〉 = ∑i αi |i〉 is the state inHA to be cloned.
After applying the QCM transformation, the clones are
given by the output density matrices,
(ρout)A = (ρout)B
=
d∑
i=1
| αi |2
(
p2 + (d− 2)q2) |i〉 〈i|
+
d∑
i,j=1,i6=j
αiα
∗
j
(
2pq + (d− 2)q2) |i〉 〈j|+ q2I. (9)
The QCM defined above is thus symmetric since the two
clones are identical.
Note that the class of symmetric QCMs defined by
Eq. (7) is characterised by the choice of basis B, as well as
the parameters (p, q), subject to the unitarity constraint
in Eq. (8). In other words, the final cloned state ρout
corresponding to a given input state |φ〉 varies depending
on the choice of basis B with respect to which the QCM is
defined, apart from its explicit dependence on the choice
of the parameters (p, q). We will refer to the basis B with
respect to which the cloner is defined, as the cloning basis.
We may note two special cases here. The first is the
limiting case q = 0. Unitarity implies that p = 1, imply-
ing that the QCM operation in Eq. (7) becomes,
|i〉A |0〉B |X〉C −→ |i〉A |i〉B |Xi〉C .
In other words, the resulting QCM is a perfect cloner
for the specific choice of basis B ≡ {|i〉A}. Now, con-
sider a density matrix ρ, expressed in the basis B as,
ρ =
∑
ij aij |i〉 〈j|. The cloned density matrices obtained
using the quantum cloner with q = 0 are of the form,
(ρout)A = (ρout)B =
∑
i
aii |i〉 〈i| .
Thus the clones are identical to the post-measurement
state obtained after a projective measurement of the in-
put state ρ in the basis B, thus showing that the action
of the QCM with q = 0 is identical to that of a projective
measurement followed by state reconstruction.
The second limiting case to note is that of the uni-
versal, symmetric cloner, which results when we impose
the additional constraint p2 = 2pq [7]. This constraint
ensures that the cloned states are of the form,
(ρout)A = (ρout)B = s|φ〉〈φ|+ (1− s)
d
I,
where s = d+22(d+1) is a purely dimension-dependent factor,
independent of the input state |φ〉. This ensures univer-
sality in the sense that all input states are cloned with the
same fidelity. The universal, symmetric QCM described
here is known to be optimal, in the sense that it achieves
the maximum possible value of s for any dimension [9].
C. Optimal cloning fidelity of an ensemble
Using the symmetric QCM described by Eqs. (7)
and (8), we would like to quantify the average cloning
fidelity obtained for an ensemble of states. Specifically,
suppose the ensemble of states
S ≡ {|ψm〉〈ψm|, 1 ≤ m ≤M}, (10)
is cloned using the QCM described in Eq. (7). Let ρm =
|ψm〉 〈ψm| and (ρm)out denote the clone corresponding
to the state ρm in the ensemble S. As before, let B =
{|i〉 , i = 1, 2, . . . , d} denote the fixed orthonormal basis
in which the QCM is defined. The average cloning fidelity
Favg(S,B, q) for the ensemble S is then defined as,
Favg(S,B, p, q) = 1
M
(∑
m
tr[ (ρm)outρm ]
)
. (11)
Note that the average cloning fidelity Favg is indeed a
function of the input ensemble for the case of the sym-
metric QCM under consideration here. The universal
cloner, on the other hand, would yield a constant fidelity
for all input states. Furthermore, the average cloning fi-
delity also depends on the basis B with respect to which
the QCM is defined, as well as the parameters p, q. We
further make this dependence explicit by evaluating the
average cloning fidelity for a general ensemble S.
4Expanding the state |ψm〉 in the basis |i〉, we have,
|ψm〉 =
d∑
i
(αm)i |i〉 .
The input states can therefore be written as,
ρm = |ψm〉 〈ψm| =
d∑
i=1
M∑
j=1
(αm)i(αm)
∗
j |i〉 〈j| .
Applying the symmetric QCM on the above state, we
get,
(ρm)out =
d∑
i=1
| (αm)i |2 (p2 + (d− 2)q2) |i〉 〈i|
+
d∑
i 6=j
(αm)i(αm)
∗
j (2pq + (d− 2)q2) |i〉 〈j|+ q2I.
(12)
The fidelity between the input state |ψm〉 and its clone
can therefore be evaluated as,
tr [ρm(ρm)out]
=
d∑
i=1
| (αm)i |4 (p2 + (d− 2)q2)
+
d∑
i6=j
| (αm)i |2| (αm)j |2 (2pq + (d− 2)q2) + q2
= Am(p
2 + (d− 2)q2) +Bm(2pq + (d− 2)q2) + q2,
where the state-dependent factors {Am} and {Bm} are
defined as,
Am =
d∑
i=1
| (αlm)i |4,
Bm =
d∑
i 6=j
| (αm)i |2| (αm)j |2 . (13)
Note that {Am} are in effect the participation ra-
tios for the input states |ψm〉 in the basis B. Since∑d
i=1 |(αm)i|2 = 1 for all 1 ≤ m ≤M , it follows that,
1 ≥ Am =
d∑
i=1
| (αm)i |4≥ 1
d
, ∀ m.
Furthermore, since the state |ψm〉 are normalised, Am +
Bm = 1 for all 1 ≤ m ≤M , we have,
Bm = 1−Am ≤ 1− 1
d
, ∀m. (14)
Thus the average cloning fidelity defined in Eq. (11) can
explicitly evaluated as,
Favg(S,B, q)
=
1
M
[∑
m
(Am[p
2 + (d− 2)q2]
+Bm[2pq + (d− 2)q2] + q2)
]
=
1
M
[
Ap2 +B(2pq) +Mq2 + (A+B)(d− 2)q2] ,
where,
A(S,B) =
M∑
m=1
Am =
M∑
m=1
d∑
i=1
| (αlm)i |4 (15)
B(S,B) =
M∑
m=1
Bm =
M∑
m=1
d∑
i 6=j
| (αm)i |2| (αm)j |2 .
The quantities A and B are related as,
B =
M∑
m=1
(1−Am) = M −A,
so that the average cloning fidelity can be expressed as,
Favg(S,B, p, q) = A(S,B)
M
(p2 − 2pq)
+ 2pq + (d− 1)q2. (16)
Once again, we note the two limiting cases here. For
q = 0, Favg(S,B, p = 1, q = 0) = A(S,B)M . Since the QCM
in this case simply implements a projective measurement
in the cloning basis B, A(S,B)M represents the average fi-
delity gain due to the projective measurement and state
reconstruction. Recalling the expression for the average
fidelity defined in Eq. (1), we thus have the following
equality.
Proposition 1. For an ensemble S of M quantum
states, the average cloning fidelity obtained using a sym-
metric QCM with cloning basis B and p = 1, q = 0, is
the same as the average fidelity gained via a measurement
and reconstruction procedure, where the measurement is
a projective measurement in the basis B.
Favg(S,B, p = 1, q = 0) = A(S,B)
M
≡ Favg(S,MB,AB),
(17)
where MB and AB denote a measurement in basis B and
AB denotes the corresponding reconstruction strategy.
On the other hand, for p2 = 2pq,
Favg(S) = d+ 3
2(d+ 1)
≡ Funiv(d), (18)
independent of A and therefore independent of the en-
semble S as well as the choice of cloning basis B. This
5is the case of the universal symmetric cloning machine,
and the corresponding cloning fidelity – which we denote
as Funiv(d) – is indeed a constant across input states for
a given dimension [7].
Finally, we define the optimal cloning fidelity for the
ensemble S as the maximum possible value of the average
cloning fidelity when optimized over all symmetric QCMs
corresponding to different cloning bases B:
Fopt(S) = max
p,q
max
B
Favg(S,B, p, q). (19)
In what follows, we will refer to the basis Bopt which max-
imizes the average cloning fidelity as the optimal cloning
basis and use (popt, qopt) to denote the optimal values of
the parameters (p, q).
At first glance, computing the optimal cloning fidelity
for a general ensemble S appears to be a daunting task,
since it involves a double optimization. However, looking
at the form of the average fidelity function in Eq. (16), it
is possible to do the optimization over B first and then
perform the optimization over the parameters p, q, pro-
vided we consider two distinct regimes. When p2 > 2pq,
the optimal cloning basis Bopt can be fixed by calculating
the maximum value of the quantity A(S,B), defined as,
max
B
A(S,B) = Amax(S) ≡ A(S,Bopt). (20)
When p2 < 2pq, the optimal cloning basis is the one
which minimizes the quantity A, that is,
min
B
A(S,B) = Amin(S) ≡ A(S,Bopt).
Guided by the properties of the general, symmetric
QCM discussed in Sec. II B, we choose to work in the
regime where p2 > 2pq. Specifically, we see from Eq. (9)
that the larger the value of q, larger is the contribution
of the maximally mixed state to the output states ρout
of the QCM. Hence, in the regime where p2 < 2pq, we
expect the clones corresponding to different ensembles to
be more identical to each other, and the corresponding
QCMs may not be good at differentiating between the
properties of different input ensembles.
On the other hand, in the regime where p2 > 2pq,
the contribution of the maximally mixed state is smaller,
and we expect the clones corresponding to different input
ensembles to reflect the properties of the corresponding
ensembles. Thus we define the optimal cloning fidelity
as,
Fopt(S) = max
(p,q):p2>2pq
max
B
Favg(S,B, p, q), (21)
and this forms the basis of our cloning-based incompati-
bility measure defined in the following section.
III. QUANTIFYING INCOMPATIBILITY VIA
SYMMETRIC QCMS
Symmetric QCMs provide an operational approach to
quantify the mutual incompatibility of a set of quantum
observables, based on how well the corresponding eigen-
states can be cloned. Specifically, given a set of N ob-
servables X = {X1, . . . , XN} on a d-dimensional Hilbert
space, we define a measure of incompatibility in terms of
the optimal cloning fidelity obtained using a symmetric
QCM for a uniform mixture of their eigenstates. For-
mally, we define the eigenstate ensemble S corresponding
to a set of observables X , as follows.
Definition 1 (Eigenstate ensemble). Given a set of
N observables X = {X1, . . . , XN} on a d-dimensional
Hilbert space. Let {|ψlm〉} denote the eigenbasis of observ-
able X l. Then, the eigenstate-ensemble S corresponding
to the set X is defined as the set of eigenstates of the
observables in the set, with each eigenstate picked with
equal probability. That is,
S =
{
1
Nd
, |ψlm〉
}
, (22)
with 1 ≤ m ≤ d and 1 ≤ l ≤ N .
Note that such an ensemble can be cloned perfectly if
and only if it is comprised of mutually orthogonal states.
The corresponding set of observables would then have to
form a commuting set of observables. However, for a gen-
eral set of observables X , the corresponding eigenstate
ensemble S will have some non-orthogonal states. Such
an ensemble cannot be cloned with an optimal cloning
fidelity of 1. We may therefore use the deviation of the
optimal cloning fidelity of their eigenstate ensemble from
unity as a means to quantify the mutual incompatibil-
ity of a set of quantum observables. Our intuition sug-
gests that the smaller the optimal cloning fidelity of their
eigenstate ensemble, the larger is the mutual incompat-
ibility of a set of observables. This intuition leads to a
cloning-based incompatibility measure, as defined below.
Recall that the the average cloning fidelity
Favg(S,B, q) for an ensemble S using a symmetric
QCM with parameters (p, q) defined with respect to
basis B, is given by the expression in Eq. (11). We may
now define the cloning-based incompatibility measure
for any set X of N observables in the d-dimensional
space, in terms of the optimal cloning fidelity defined in
Eq. (21) as,
Qc(X ) = 1−Fopt(S), (23)
where, S is the ensemble of eigenstates of the observables
in X .
It is worth noting here that while the cloning-based
incompatibility measure is similar in spirit to the mea-
sure Q propsed in [17] and discussed in Sec. II A, the
two measures are operationally quite different. The mea-
sureQ captures the incompatibility of a set of observables
based on how well their eigenstate ensemble maybe repro-
duced via a measurement-and-reconstruction protocol,
where the measurement strategy could include POVMs
as well. On the other hand, our cloning-based measure
Qc captures the incompatibility of a set of observables
6as reflected by how well their eigenstate ensemble can be
cloned, using a symmetric 1 → 2 QCM. The optimiza-
tion is now performed over all symmetric quantum clon-
ers. The fact that the measures Qc and Q capture dif-
ferent operational notions of incompatibility is reflected
in subsequent sections when we compare and contrast
the numerical values of these two measures for mutually
unbiased observables.
The following proposition shows that the measure Qc
is a true measure of incompatibility, since it attains a
trivial value only for a set of commuting observables.
Lemma 1. The cloning-based incompatibility measure
satisfies Qc(X ) ≥ 0, with equality attained iff all the ob-
servables in X commute.
Proof. The proof simply follows from the fact that a set
of states can be cloned perfectly iff they are mutually
orthogonal [1, 2]. Specifically, consider a set of N com-
muting observables (X1, X2, . . . , XN ) in a d-dimensional
Hilbert space, and let their common eigenbasis be de-
noted B ≡ {|i〉}. Consider a symmetric QCM defined
with respect to this common eigenbasis B with the pa-
rameters p = 1, q = 0. As discussed in Sec. II B
above, such a QCM achieves the maximum possible fi-
delity Favg(S,B) = 1 for the ensemble of common eigen-
states S, implying that Qc(X ) = 0.
The converse statement simply follows from the no-
cloning principle. 
We next derive a simple expression for the incompati-
bility of a general set of quantum observables.
Lemma 2. Consider a set X of N observables on a d-
dimensional quantum system and let S denote the cor-
responding ensemble of eigenstates. The incompatibility
Qc(X ) can be evaluated as,
Qc(X ) = 1−Favg(S,Bopt, popt, qopt), (24)
where, Bopt is the optimal cloning basis that maximises
the function A(S,B) defined in Eq. (15). qopt charac-
terizes the optimal quantum cloner and is evaluated as,
qopt =
1
2
√
d− 1
√√√√
1−
sgn
(
Aopt
M − 12
)
√
1 + (G(M,d))2 , (25)
where sgn(x) is the signum function defined as
sgn(x) =
{ −1 if x < 0,
0 if x = 0,
+1 if x > 0.
The function G(S, N, d) is defined as
G(S, N, d) = 4(Aopt(S)−Nd)
(Nd− 2Aopt(S))
√
2(d− 1) , (26)
and Aopt(S) = A(S,Bopt) ≡ maxB A(S,B) is the maxi-
mum value of the quantity A(S,B), attained for the op-
timal cloning basis Bopt.
Since p and q are related via Eq. (8), knowing the
optimal value qopt gives us popt as well. We refer to Ap-
pendix B for the detailed calculation leading to the above
expression.
A. Optimal cloning fidelity and incompatibility of
MUBs
We next use the general expression for the optimal
cloning fidelity derived above, to find the optimal QCM
of a set of mutually unbiased observables. Let XMUB =
{X1, X2, . . . , XN} denote a set of N ≤ d + 1 MUBs in
d-dimensions. Let SMUB denote the corresponding eigen-
state ensemble, where every state belonging to every ba-
sis is picked with a uniform probability of 1Nd .
Lemma 3 (Fopt for MUBs). The optimal cloning fidelity
for the eigenstate ensemble SMUB of a set of N ≤ d+ 1
MUBs in d-dimensions can be evaluated as,
Fopt(SMUB) = Favg
(SMUB,Bopt = Xi, qopt) , (27)
where, qopt is evaluated as in Eq. (25) above, with
Aopt(SMUB) = N + d − 1, and the optimal cloning ba-
sis Bopt = Xi being any of the bases in the set X .
Once again, we merely state the result here and re-
fer to Appendix B 1 for the details of the calculation.
Our solution for the optimal cloning fidelity for a set of
N ≤ d+ 1 MUBs in d-dimensions constitutes a key step
in obtaining an upper bound on the cloning-based incom-
patibility measure, as shown in Sec. III B below. BEfore
proceeding to prove an upper bound on Qc for a general
set of observables, we would like to note an interesting
corollary that arises from our calculations.
Corollary 4. The optimal quantum cloner for a full set
of N = d+ 1 MUBs in d-dimensions, whenever it exists,
is the universal, symmetric cloner originally introduced
in [7], achieving an optimal cloning fidelity equal to the
universal cloning fidelity calculated in Eq. (18).
Proof. The result simply follows from the fact that
Aopt(SMUB) = N +d−1, for a set of N ≤ d+1 MUBs in
d-dimensions. Furthermore, as shown in Appendix B 1,
the optimal cloning basis can be picked to be any of the
MUBs in the set. For N = d + 1, we therefore have,
Aopt(SMUB)
Nd =
2
d+1 . Substituting this in the solution for
qopt described in Eqs. (25) and (26) above, we see that
q2opt(SMUB) = 12(d+1) for the full set of N = d+1 MUBs.
Using the unitarity condition in Eq. (8), we get the opti-
mal value of the parameter p as, popt =
2
d+1 . The optimal
QCM thus satisfies popt = 2poptqopt, which is the same as
the universal, symmetric QCM described in [7] and the
optimal cloning fidelity is indeed the universal cloning
fidelity calculated in Eq. (18). 
Although the form of Fopt(SMUB) is not a simple func-
tion to write down, it can of course be computed easily
7for a given number N and dimension d. Knowing the op-
timal fidelity, we can immediately calculate the mutual
incompatibility Qc of a set of N MUBs in d-dimensions.
We have plotted Qc(XMUB) as a function of d and N , in
Figs. 1 and 2 respectively.
B. Upper bound on Qc
We next show that there exists a non-trivial upper
bound for the measure Qc(X ), as a function of the num-
ber of observables N in the set X and the dimension d of
the space. Furthermore, whenever N ≤ d+ 1, this upper
bound is tight for a set of N MUBs, thus reiterating the
fact that mutually unbiased observables,whenever they
exist, are maximally incompatible.
Theorem 5 (Upper bound on Qc). Consider a set X of
N observables on a d-dimensional quantum system. The
measure Qc(X ) satisfies,
Qc(X ) ≤ 1−Fopt(SMUB), N ≤ d+ 1 (28)
Qc(X ) ≤ 1− F˜univ(d), N ≥ d+ 1. (29)
Here, Fopt(SMUB) is the optimal cloning fidelity attained
for a set of N MUBs, and Funiv(d) is the cloning fidelity
attained by a universal QCM in d-dimensions.
For N ≤ d+1, equality is attained iff the set of observ-
ables in X are mutually unbiased and the corresponding
optimal QCM is characterised by q = qopt. For N > d+1,
the upper bound is attained for a set of observables whose
eigenstates form a unitarily invariant ensemble [20].
We should note here that the bounds in Eq. (28)
and Eq. (29) are the same when N = d + 1. For
N < d + 1, the optimal cloning fidelity for a set of N
MUBs (Fopt(SMUB)) is always greater than the fidelity
attained by a universal QCM (Funiv(d)), so the bound
in Eq. (28) holds. Since the number of MUBs in d-
dimensions is bounded by d + 1, the bound in Eq. (29)
takes over for N > d+ 1.
Proof. We first prove the case where N ≤ d + 1. The
main intuition behind the upperbound is the fact that for
a given QCM with parameters (p, q), the average fidelity
attained using the optimal cloning basis for any ensemble
S is always greater than that attained for an ensemble of
MUBs. This is explicitly shown below.
Consider a set of N ≤ d + 1 observables X , in a d-
dimensional space. The corresponding eigenstate ensem-
ble S has Nd states. Comparing the average cloning fi-
delity attained for this ensemble using a symmetric QCM
in basis B, with parameters (p, q), with that attained for
an ensemble SMUB of N MUBs, we have,
Favg(S,B, q)−Favg(SMUB ,B, q)
=
(p2 − 2pq)
Nd
(A(S,B)−A(SMUB ,B)).
Recall that
Aopt(S)
Nd is simply the same as F(S,MB,AB),
the average fidelity obtained via a projective measure-
ment followed by state reconstruction, as observed in
Prop. 1. Furthermore, we know that,
Aopt(S)
Nd
≥ N + d− 1
Nd
,
where the minimum is attained when the ensemble S is
in fact SMUB as proved in [17] and Lemma 7. Finally,
since we define the optimal value of the cloning fidelity
in the region of the parameter space where p2 > 2pq, we
have,
sup
B
Favg(S,B, q)− sup
B
Favg(SMUB ,B, q)
=
(Aopt(S)−Aopt(SMUB)(p2 − 2pq)
Nd
≥ 0. (30)
Let (popt, qopt) be the optimal value of the parameters
(p, q) corresponding to the ensemble SMUB . Then, the
optimal cloning fidelity for an ensemble S satisfies
Fopt(S) = sup
B,p,q
Favg(S,B, p, q)
≥ sup
B
Favg(S,B, popt, qopt)
≥ sup
B
F(SMUB ,B, popt, qopt)
= Fopt(SMUB), (31)
where the last inequality follows from Eq. (30).
The upper bound now simply follows from the defini-
tion of the incompatibility measure Qc – for any set of
observables X ,
Qc(X ) = 1−Fopt(S) ≤ 1−Fopt(SMUB). (32)
It is easy to see that the sequence of inequalities collapses
when the set X ≡ XMUB is a set of MUB observables,
showing that the bound is tight for XMUB.
In the case where N > d + 1, we use a general bound
on the optimal fidelity achieved via a measurement-and-
reconstruction protocol. For any ensemble of states S in a
d-dimensional Hilbert space, the optimal fidelity Fopt(S)
(defined in Eq. (2)) satisfies [20],
Fopt(S) ≥ 2
d+ 1
,
with the optimal measurement being a projective mea-
surement in a random basis. Therefore, we see from the
equality in Eq. (17) that,
Aopt(S)
Nd
≡ max
B
Favg(S,MB,AB) ≥ 2
d+ 1
. (33)
Recalling the definitions in Eqs. (16) (21), we can eval-
uate the optimal cloning fidelity for any ensemble of Nd
states in d-dimensions is given by,
Fopt(S) ≥ max
q
1
d+ 1
[
2 + (d− 1)(d− 3)q2
+ 2(d− 1)q
√
1− 2(d− 1)q2
]
. (34)
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FIG. 1. Incompatibility of a pair of MUBs as a function of
dimension d. Qc denotes the cloning-based incompatibility
measure and Q denotes the measure based on measurement-
and-reconstruction.
Solving this optimization problem, we get,
qopt(S) =
√
1
2(d+ 1)
, (35)
which matches the parameter q for a universal, symmetric
cloner in d-dimensions [7]. As shown in Appendix, this
implies that the optimal cloning fidelity is bounded from
below as,
Fopt(S) ≥ d− 3
2(d+ 1)
. (36)
This gives the desired upper bound for a set of N > d+1
observables. The tightness of the bound follows from the
construction of the optimal ensemble attaining the bound
in [20]. 
To gain further insight into the behaviour of the
cloning-based measure Qc, we plot the upper bound
proved in Eq. (28), as function of the number of observ-
ables N as well as the dimension d. Fig. 1 plots the
mutual incompatibility, as quantified by the measure Qc,
of a pair of MUBs (N = 2) as a function of the dimension
d. For comparison, we have also plotted the correspond-
ing upper bound on the measure Q which comes from
a measurement-and-reconstruction strategy, as discussed
in Sec. II A.
Fig. 2 shows how the incompatibility Qc grows as a
function of the number of MUBs N , while keeping the
system dimension fixed (d = 11). Once again we have
plotted the measurement-and-reconstruction based mea-
sure Q for comparison.
In both cases, the upper bound on the cloning-based in-
compatibility measure Qc is always lower than the bound
on the measure Q. In other words, the optimal cloning
fidelity for a set of MUBs is always higher than the best
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FIG. 2. Incompatibility of a set of N MUBs in d = 11 di-
mensions. Qc denotes the cloning-based incompatibility mea-
sure and Q denotes the measure based on measurement-and-
reconstruction.
fidelity achievable via a measurement-and-reconstruction
strategy. This is to be expected since the optimal fidelity
in a measurement-and-reconstruction protocol for a set of
MUBs is always achieved by a projective measurement.
And Prop. 1 implies that whenever the optimal measure-
ment is a projective measurement, the measurement-and-
reconstruction strategy is a special case of the symmetric
QCM with parameters p = 1, q = 0. The optimal cloning
fidelity, on the other hand is calculated by optimizing
over all values of (p, q) and is therefore always higher,
leading to the fact that Qc is always lower than Q for a
set of N MUBs in d-dimensions. In the context of quan-
tum key distribution (QKD) this reiterates the fact that
an optimal cloning attack would give the eavesdropper a
better fidelity than an intercept-and-resend attack, when
the signal states are drawn from a uniform ensemble of
MUBs.
C. Example: the case of two qubit observables
We now present a simple, yet insightful example of how
our results maybe applied to calculate the incompatibil-
ity of an arbitrary set of quantum observables. Specif-
ically, we consider a pair of spin- 12 observables, A and
B, which maybe parametrized in terms of unit vectors
~a,~b ∈ R3 on the Bloch sphere, as,
A = α1I + α2~a.~σ, B = β1I + β2~b.~σ,
where {αi, βi} are real parameters and ~σ ≡ (σX , σY , σZ)
denotes the vector of Pauli operators. The mutual in-
compatibility of such a pair of qubit observables can be
quantified using our formalism, as follows.
Let |a±〉 and |b±〉 denote the eigenstates of the spin- 12
9observables A and B respectively. Then,
|a±〉 〈a±| = I± ~a.~σ
2
|b±〉 〈b±| = I±
~b.~σ
2
.
The first step in calculating the incompatibility Qc is to
compute the optimum over all basis choices B, of the
quantity A(S2,B), where S2 is the eigenstate ensemble,
S2 =
{
1
4
, |a±〉 〈a±| , |b±〉 〈b±|
}
. (37)
Once we solve for Aopt(S2) = maxB Aopt(S2,B), we can
use the expressions from Lemma 2 to obtain the optimal
cloning fidelity and hence the incompatibility Qc. The
optimal QCM for a pair of qubit observables is described
in the following lemma.
Lemma 6. For the ensemble S2 defined in Eq. (37), the
optimal cloner has parameters (popt, qopt) where,
qopt =
1
2
√√√√1− 1√
1 + (G(|~a.~b|))2
,
G(|~a.~b|) =
√
2(1− |~a.~b|)
1 + |~a.~b|
. (38)
The optimal cloning bases are characterized by the Bloch
vectors
~r± =
~a±~b
|~a±~b|
. (39)
Proof. Consider a projective measurement along an arbi-
trary direction ~r in the Bloch sphere. The measurement
basis B corresponding to such a measurement can be de-
scribed by a pair of orthonormal vectors |ψ±〉 given by,
|ψ±〉 〈ψ±| = I± ~r.~σ
2
. (40)
The probabilities of obtaining outcomes ± are given by,
p(+)|a±〉 =
[
1± ~r.~a
2
]
, p(−)|a±〉 =
[
1∓ ~r.~a
2
]
p(+)|b±〉 =
[
1± ~r.~b
2
]
, p(−)|b±〉
[
1∓ ~r.~b
2
]
.
Therefore, the quantity A(S2,B), is given by,
A(S2,B) = p2(+)|a±〉 + p2(−)|a±〉
+ p2(+)|b±〉 + p
2(−)|b±〉
= 2
[
1 + ~r.~a
2
]2
+ 2
[
1− ~r.~a
2
]2
+ 2
[
1 + ~r.~b
2
]2
+ 2
[
1− ~r.~b
2
]2
= 2 + (~r.~a)2 + (~r.~b)2. (41)
The optimal cloning basis is characterized by the vector ~r
for whichA(S2,B) attains its maximum value. Therefore,
Aopt(S2) = max
~r
[
2 + (~r.~a)2 + (~r.~b)2.
]
Following earlier works relating to entropic uncertainty
bounds for qubit observables [21–23], we first argue that
the maximum is attained when the vector ~r is coplanar
with ~a and ~b 1.
Let θ denote the angle between ~a and ~r be θ and let
γ denote the angle between ~a and ~b. Then, cos θ = ~a.~r,
cos γ = ~a.~b, and since ~a,~b and ~r are coplanar, ~r.~b =
cos(θ − γ). Then,
Aopt(S2,B) = max
θ
[
2 + cos2 θ + cos2(θ − γ)] .
Taking the derivative with respect to θ, we see that the
extremal values are attained for tan 2θopt = tan γ, im-
plying that θopt =
γ
2 + n
pi
2 . Checking the second deriva-
tive, we see that Aopt is maximized for θopt =
γ
2 when
0 ≤ γ < pi2 and θopt = γ2 + pi2 when pi2 < γ ≤ pi. For
γ = pi2 , A(S2,B) = 3, which is independent of θ and so
A(S2,B) is optimal for any basis B corresponding to a
vector ~r coplanar with ~a and ~b. Therefore,
Aopt(S2) =
{ 2 (1 + cos2 γ2 ) , 0 ≤ γ < pi2 ,
2
(
1 + sin2 γ2
)
, pi2 < γ ≤ pi,
3, γ = pi2 .
(42)
In terms of the vectors ~a,~b characterizing the ensemble
S2, we have,
Aopt(S2) = 3 + |~a.~b|. (43)
For γ 6= pi2 , corresponding to the two optimal values
θopt =
γ
2 ,
γ
2 +
pi
2 , we see that the Bloch vectors ~r± corre-
sponding to the optimal cloning bases are,
~r± =
~a±~b
|~a±~b|
. (44)
Using the value of Aopt(S2) in Eqs. (25) and (26), we get
the desired parameters of the optimal QCM. 
A quick check reveals that our solution for the optimal
QCM for a pair of dichotomic observables matches with
the known limiting cases. When ~a.~b = 0, the observables
A and B are mutually unbiased and from Eq. (43), we
get,
Aopt(S2)
Nd
=
3
4
=
N + d− 1
Nd
,
1 Given any vector ~v⊥ in a plane perpendicular to the plane con-
taining ~a and ~b, we can always find a corresponding vector ~vc
in the intersection of the two planes such that |~vc.~a| ≥ |~v⊥.~a|.
Since the function x2 is monotonically increasing for x > 0, we
can restrict ourselves to maximizing over vectors in the plane
containing ~a and ~b
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as expected. When |~a.~b| = 1, the observables A and B
commute. Our solution gives
Aopt(S2)
Nd = 1, which implies
that the states in the ensemble can be discriminated per-
fectly using a projective measurement. Furthermore, the
optimal cloner has qopt = 0 (since G = 0 in Eq. (38)) and
popt = 1, as expected from Lemma 1.
IV. CONCLUSIONS
In summary, we have proposed a new approach to
quantifying incompatibility based on symmetric quan-
tum cloners. We establish a quantitative relation be-
tween the incompatibility of a set of quantum observables
and the optimal fidelity with which their eigenstate en-
sembles can be cloned using a symmetric QCM. We show
that our measure satisfies the desirable properties of that
any faithful measure of incompatibility should, namely,
it vanishes only for a set of commuting observables and
attains its maximum value for a set of mutually unbiased
bases.
Our investigation brings to light an interesting facet
of the optimal cloning fidelity, namely, that the optimal
cloning basis for a given ensemble of states is in fact the
projective measurement that achieves the best fidelity in
a measurement-and-reconstruction protocol. We use this
connection to fully characterize the optimal cloning ma-
chine corresponding to an arbitrary ensemble of quantum
states. For example, we show that the optimal cloner for
the complete set of d+1 MUBs in d-dimensions is simply
the universal, symmetric QCM discussed in [7].
From a foundational point of view, the cloning-based
incompatibility measure discussed here thus firms up a
connection which has long been intuited, between two
fundamental principles in quantum information theory,
namely, the no-cloning principle and the existence of mu-
tually incompatible observables. On the practical side,
our results become relevant in the context of QKD, where
it is important to know the optimal cloning fidelity that
an eavesdropper may get, for a given ensemble of signal
states prepared by the sender. Finally, we note that the
optimal cloning fidelity provides an alternative charac-
terization of the quantumness of an ensemble, an idea
which was originally defined using a measurement-and-
reconstruction protocol [20].
Our analysis shows that for those ensembles for which
the optimal fidelity in a measurement-and-reconstruction
protocol is achieved for a projective measurement, the
measurement-and-reconstruction strategy is a special
case of the 1 → 2 symmetric QCM. An interesting open
question in this context is to ask whether a similar con-
nection can be made for a more general measurement-
and-reconstruction strategy, involving POVMs. This
might require us to expand the definition of optimal
cloning fidelity beyond the symmetric QCMs considered
here.
In further work, we would like to explore whether
our cloning-based approach to quantifying incompati-
bility maybe extended beyond (Hermitian) observables
to include the class of positive operator value measures
(POVMs). Another interesting question relates to how
the loss of coherence [24] in the input ensemble impacts
the optimal cloning fidelity.
V. ACKNOWLEDGEMENTS
The authors would like to thank Prof. Sibasish Ghosh
for several valuable discussions and inputs. PM is grate-
ful to Prof. S. Lakshmibala for insightful early discus-
sions.
[1] W.K. Wootters and W.H. Zurek, Nature 299, 802803
(1982).
[2] H. Barnum et al., Phys. Rev. Lett. 76, 2818 (1996).
[3] D. G. B. J. Dieks, Phys. Lett. A 92(6), 71-272 (1982).
[4] V. Scarani et al., Rev. Mod. Phys. 77(4), 1225 (2005).
[5] M. Horodecki and R. Horodecki, Phys. Lett. A 244, 473
(1998).
[6] V. Buz’ek & M. Hillery, Phys. Rev. A 54(3), 1844 (1996).
[7] V. Buz’ek & M. Hillery, Phys. Rev. Lett. 81, 5003 (1998).
[8] N. Gisin and S. Massar, Phys. Rev. Lett. 79(11), 2153
(1997).
[9] R. F. Werner, Phys. Rev. A 58, 1827 (1998).
[10] C.S. Niu, R.B. Griffiths, Phys. Rev. A 58, 4377 (1998).
[11] N. J. Cerf, Phys. Rev. Lett. 84, 4497 (2000).
[12] H. Fan et al. Phys. Rep. 544, 241322 (2014).
[13] T. Heinosaari, J. Schultz, A. Toigo, and M. Ziman, Phys.
Lett. A 378, 1695 (2014).
[14] T. Heinosaari, T. Miyadera and M. Ziman, J. Phys. A:
Math. and Theor. 49, 123001 (2016).
[15] W. Heisenberg, Zeitschrift fu¨r Physik , 43, 172 (1927);
H. P. Robertson, Physical Review 34, 163 (1929).
[16] S. Wehner, and A. Winter, New Journal of Physics 12,
025009 (2010).
[17] S. Bandyopadhyay, and P. Mandayam, Phys. Rev. A 87,
042120 (2013).
[18] P. Mandayam, and M. D. Srinivas, Phys. Rev. A 89 (6),
062112 (2014).
[19] W. Xie, K. Fang, X. Wang, and R. Duan, Phys. Rev. A
96, 022302 (2017).
[20] C. Fuchs, and M. Sasaki, Quant. Inf. Comp. 3, 377
(2003); C. Fuchs, Quant. Inf. Comp. 4, 467 (2004).
[21] P. Mandayam, and M. D. Srinivas, Phys. Rev. A 90 (6),
062128 (2014).
[22] G. Ghirardi, L. Marinatto and R. Romano, Phys Lett A
317, 32 (2003).
[23] G. M. Bosyk, M. Portesi, and A. Plastino, Phys Rev A
85 012108 (2012).
[24] A. Streltsov, G. Adesso, and M. B. Plenio, Rev. Mod.
Phys. 89(4), 041003 (2017).
11
Appendix A: Optimal measurement and
reconstruction strategy for MUBs
Lemma 7. For an ensemble of states comprising vec-
tors from a set Π of N mutually unbiased bases (MUBs),
the optimal fidelity Fopt defined in Eq. (2) is achieved
by a projective measurement, with the measurement basis
chosen to be any of the bases in the set S.
Proof. Recall that for a pair of mutually unbiased bases,
Πj ,Πl, tr(Π
i
jΠ
k
j ) = δik, and for j 6= l, tr(ΠijΠkl ) = 1d .
Define a measurement M with the rank-one projectors
{Ma = Πa1} which are simply the basis vectors of the
first basis Π1 in the mutually unbiased set. Similarly
we choose the reconstruction strategy given by σa = Π
a
1 .
Then the average fidelity can be computed as,
F(M,A) = 1
Nd
 d∑
i,a=1
(
tr(ΠilΠ
a
1)
)2
+
d∑
i,a=1
∑
j 6=1
(
tr(piijpi
a
1 )
)2
=
1
Nd
 d∑
i,a=1
δ2ia +
∑
i,a
∑
j 6=1
1
d2

=
1
Nd
[
d+
(N − 1)d2
d2
]
=
N + d− 1
Nd
.
Comparing with Eqs. (2), (5), and using the fact
that these bounds are tight for a set of N MUBs in d-
dimensions (proved in [17]), we see that the above choice
of projective measurement M and reconstruction strat-
egy A does achieve the value of Fopt(SMUB). 
Appendix B: Optimal cloning fidelity for an
ensemble of states
Recall that the optimal cloning fidelity for an ensemble
S of M quantum states in d-dimensions is defined as,
Fopt(S) = max
p,q:p2>2pq
max
B
Favg(S,B, p, q).
From the form of the average fidelity written down in
Eq. (16), we see that,
Favg(S,B, p, q) = 2pq + (d− 1)q2
+
(
A(S,B)
M
)
(p2 − 2pq).
The average cloning fidelity Favg(S,B, p, q) depends on
cloning basis B only via the term A(S,B)/Nd. Further-
more, from Prop. 1 it follows that,
max
B
A(S,B)
M
≡ max
B
Favg(S,MB,AB),
where the RHS is the maximum average fidelity attained
via a measure-and-reconstruct strategy, as defined in
Sec. II A.
Let Aopt(S) = maxB A(S,B) denote the optimum
value for the ensemble S, obtained by maximizing the
measure-and-reconstruct fidelity function over orthonor-
mal bases B. Then, solving for the optimal cloning fi-
delity reduces to the following simple form.
Fopt(S) (B1)
= max
p,q
[
2pq + (d− 1)q2 +
(
Aopt(S)
M
)
(p2 − 2pq)
]
= max
p,q
[(
1− Aopt(S)
M
)
2pq + (d− 1)q2 + Aopt(S)
M
(p2)
]
= max
q
[
2q
√
1− 2(d− 1)q2 + (d− 1)q2
+
(
Aopt(S)
M
)
(1− 2(d− 1)q2 − 2q
√
1− 2(d− 1)q2)
]
,
where we have used the relation p2 + 2(d− 1)q2 = 1.
Since p ≥ 0, we have, 0 ≤ q2 ≤ 12(d−1) . Setting√
2(d− 1)q = sin θ, the optimization problem reduces
to,
Fopt(S) = max
θ
f(θ), (B2)
where the objective function f(θ) is defined as,
f(θ) =
[
sin2 θ
2
+
sin 2θ√
2(d− 1)
+
Aopt(S)
M
(
cos2 θ − sin 2θ√
2(d− 1)
)]
. (B3)
Therefore,
df
dθ
= sin 2θ
(
1
2
− Aopt
M
)
+
2 cos 2θ√
2(d− 1)
(
1− Aopt
M
)
.
Setting dfdθ = 0, we see that the extremal values of θ
occur as solutions to the equation,
tan 2θ =
4(Aopt −M)
(M − 2Aopt)
√
2(d− 1) . (B4)
The right hand side is a function of the number of states
M and the dimension d. Defining the function G(M,d)
as,
G(M,d) = 4(Aopt −M)
(M − 2Aopt)
√
2(d− 1) , (B5)
the extremal values of the parameter q are obtained by
solving,
2
√
2(d− 1)q√1− 2(d− 1)q2
1− 4(d− 1)q2 = G(M,d). (B6)
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The optimal values of q for which the cloning fidelity
attains its extremal values are thus,
qopt = ± 1
2
√
d− 1
√
1± 1√
1 + (G(M,d))2 . (B7)
Since the expression for average cloning fidelity in
Eq. (B1) is a sum of positive terms (Aopt ≤ M) with
a linear term in p, q, we see that the maximum value
of cloning fidelity is attained for p ≥ 0, q ≥ 0. Thus
the optimal values of q for which the cloning fidelity is
maximised are,
qopt =
1
2
√
d− 1
√
1± 1√
1 + G(N, d)2 . (B8)
By working out the second derivative of the function in
Eq. (B3),
d2f
dθ2
= 2 cos 2θ
[(
1
2
− Aopt
M
)
− 2 tan 2θ√
2(d− 1)
(
1− Aopt
M
)]
, (B9)
we see that,
qopt =
1
2
√
d− 1
√√√√
1−
sgn
(
Aopt
M − 12
)
√
1 + (G(M,d))2 , (B10)
where sgn(x) is the signum function defined as
sgn(x) =
{ −1 if x < 0,
0 if x = 0,
+1 if x > 0.
Our solution for the optimal cloning fidelity for any
given ensemble of quantum states, leads us to observe
some interesting properties of optimal QCMs. The first
observation we may make is that, when the ensemble S
is such that
Aopt
M =
1
2 , the corresponding optimal QCM
has parameters,
qopt =
1
2
√
d− 1 , popt =
1√
2
. (B11)
1. Optimal Cloning Fidelity for N MUBs in d
dimensions: Proof of Lemma 3
We now evaluate the optimal cloning fidelity for an
ensemble SMUB of states which constitute a set of MUBs.
This in turn, provides an upper bound on the cloning-
based incompatibility measure Qc as shown in Sec. III.
Let XMUB ≡ {X1, X2, . . . , XN} denote a set of N
MUBs in d-dimensions. The corresponding ensemble of
eigenstates is given by SMUB ≡ { 1Nd , |ψlm〉〈ψlm|}, with
1 ≤ l ≤ N and 1 ≤ m ≤ d, where |ψlm〉 is the mth basis
vector of the lth basis X l.
As before, the optimal cloning fidelity for the ensemble
SMUB is calculated as,
Fopt(SMUB) = max
p,q:p2>2pq
max
B
Favg(SMUB,B, p, q).
From the form of the average fidelity written down in
Eq. (16), we see that,
Favg(SMUB,B, p, q) = 2pq + (d− 1)q2
+
(
A(SMUB,B)
Nd
)
(p2 − 2pq).
The average cloning fidelity Favg(SMUB,B, p, q) depends
on cloning basis B only via the term A(S,B)/Nd. Fur-
thermore, from Prop. 1 it follows that,
max
B
A(SMUB,B)
Nd
≡ max
B
Favg(SMUB,MB,AB),
where the RHS is the maximum average fidelity attained
via a measure-and-reconstruct strategy, as defined in
Sec. II A. The problem of finding the optimal cloning ba-
sis B is thus reduced to the problem of finding the optimal
projective measurementMB. For an ensemble of MUBs,
Lemma 7 shows that the optimal basis is simply one of
the bases in the set X . Without loss of generality, we
may therefore fix the cloning basis B to be one of the the
eigenbasis of one of the observables in the set, say X1.
Expanding the state |ψlm〉 in the basis B = {|ψ1i 〉 , 1 ≤
i ≤ d}, we have,
|ψlm〉 =
d∑
i
(αlm)i |ψ1i 〉 .
Since the observables in the set are mutually unbiased,
the coefficients are such that | (αlm)i |= 1√d for l 6= 1,
and, | (αlm)i |= δim for l = 1. Recalling the definitions
of Alm and B
l
m from Eq. (13) in Sec. II C, we have,
A1m =
∑
i
| (α1m)i |4=
∑
i
δmi = 1
B1m =
∑
i 6=j
| (α1m)i |2| (α1m)j |2=
∑
i6=j
δ2miδ
2
mj .
For l 6= 1,
Alm =
∑
i
| αlmi |4=
1
d
Blm =
d∑
i,j=1,i6=j
| (αlm)i |2| (αlm)j |2=
(d− 1)
d
.
Thus we have,
Aopt(SMUB) =
∑
l,m
Alm = N − 1 + d.
Using this value of Aopt, we see that for q = 0,
Fopt(SMUB) = Aopt
Nd
=
(N − 1 + d)
Nd
, (B12)
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which matches with the optimal fidelity obtained for
an ensemble of MUBs using a measure-and-reconstruct
strategy, obtained in [17].
Following the steps in Sec. B, we see that the cloning
fidelity for the ensemble SMUB is attained for
qopt =
1
2
√
d− 1
√√√√
1−
sgn
(
Aopt
Nd − 12
)
√
1 + (G(N, d))2 .
Hence,
Fopt(SMUB) = Favg
(SMUB, qopt, X1) (B13)
is the optimal cloning fidelity that can be achieved using
a symmetric QCM, for a set of N MUBs in d dimensions.
2. Optimal cloning fidelity for N > d+ 1 observables
Since
Aopt
Nd ≥ 2d+1 , we have,
Favg(S,Bopt, p, q) ≥ 2pq + (d− 1)q2 + 2
d+ 1
(p2 − 2pq)
=
1
d+ 1
[
(d− 1)2pq + 2p2 + (d+ 1)(d− 1)q2]
=
1
d+ 1
[
2 + (d− 1)(d− 3)q2 + 2(d− 1)q
√
1− 2(d− 1)q2
]
≡
(
1
d+ 1
)
h(q),
where we have used h(q) to denote the function to be
maximised. Setting
√
2(d− 1)q = sin θ, the optimization
problem becomes,
max
q
h(q)
= max
θ
[
2 +
(
d− 3
2
)
sin2 θ +
√
2(d− 1) sin θ cos θ
]
= max
θ
h(θ). (B14)
Setting dhdθ = 0, we have,(
d− 3
2
)
sin 2θ +
√
2(d− 1) cos 2θ = 0.
Thus the optimal value of θ, denoted as θopt, satisfies,
tan 2θopt =
−2√2(d− 1)
d− 3 . (B15)
To check that h(θ) attains a minimum at θ = θopt, we
note that the second derivative is,
h′′(θ) = (d− 3) cos 2θ
[
1−
(
2
√
2(d− 1)
d− 3
)]
tan 2θ.
Setting θ = θopt, we see that h
′′(θopt) < 0, for all d > 1.
Simplifying Eq. (B15), and replacing θ with q, we have,
sin2 2θopt
cos2 2θopt
=
8(d− 1)
(d− 3)2
⇒ cos 2θopt = ±d− 3
d+ 1
.
We see that h′′(θopt) < 0 for for all cos 2θopt = −d−3d+1 and
h′′(θopt) > 0 otherwise for d 6= 3.
Substituting back for q, we have,
1− 4(d− 1)q2opt = −
d− 3
d+ 1
⇒ qopt =
√
1
2(d+ 1)
. (B16)
Substituting back for qopt in h(q) (see Eq. (B14) above),
we get,
Fopt(S) ≥ 1
d+ 1
[
2 +
(d− 3)(d− 1)
2(d+ 1)
+
2(d− 1)
d+ 1
]
=
d+ 3
2(d+ 1)
≡ F˜opt(d), (B17)
as desired. For d = 3, qopt =
1
2
√
2
consistent with
Eq. (B16).
